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ON THE SEPARABILITY OF THE SPECTRAL
TOPOLOGIES
ABOLFAZL TARIZADEH
Abstract. In this paper, the Hausdorffness of the Zariski topol-
ogy as well as the flat topology is completely characterized. Abso-
lutely flat rings play a major role throughout this article.
1. Introduction
Already in [1] and more recently and independently in [7] we have
rediscovered the Hochster’s inverse topology (see [2, Prop. 8]) on
the prime spectrum by a new and purely algebraic method. We call
it the flat topology (it is worthy to mention that during the writ-
ing [7] we were not aware of [1] and Hochster’s work). Hence the
flat topology and Hochster’s inverse topology are exactly the same
things. The flat topology behaves as the dual of the Zariski topology.
Roughly speaking, for a given ring R, then the collection of subsets
V(I) = {p ∈ Spec(R) : I ⊆ p} where I runs through the set of f.g.
ideals of R formes a basis for the opens of the flat topology, see [7,
Theorem 3.2]. We use f.g. in place of “finitely generated”. Note that,
in general, there are tremendous differences between the two topologies
even if the base ring R be a noetherian ring. In fact, the two topolo-
gies on Spec(R) are the same if and only if every prime ideal of R is
maximal, see Corollary 4.8.
Recall that a topological space is called a separated (or Hausdorff or
T2) space if every two distinct points admit disjoint open neighbour-
hoods. In this article, we are concerned primarily with the problem
of when the Zariski topology is separated, and the dual question of
when the flat topology is separated. The flat topology, as Zariski, is
not necessarily separated, see [7, Corollary 3.6]. Because of its impor-
tance and geometric applications, characterizing the separability of the
Zariski topology became the most urgent task to the author at that
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time.
Note that characterizing the separability of the Zariski topology as
well as the flat topology is not as easy to understand as one may think
at first. This is because we are used to the topology of locally Haus-
dorff spaces, but the flat and Zariski topologies in general are not locally
Hausdorff. By applying some sophisticated properties of the absolutely
flat (von-Neumann regular) rings and flat epimorphisms the separabil-
ity of these topologies are completely understood, see Theorem 4.7. In
the literature one can also find another versions or parts of this char-
acterization. Corollary 4.8 can be considered as interesting application
of Theorem 4.7.
In this article, by an epimorphism ϕ : R → S we mean it is an epi-
morphism in the category of commutative rings. The class of injective
ring maps is precisely coincide to the class of monomorphisms of rings;
but surjective ring maps are just special cases of epimorphisms. As a
specific example, the canonical ring map Z → Q is an epimorphism
while it is not surjective. For more details on epimorphisms of rings
please consider [6, §2].
The titles of the sections should be sufficiently explanatory. Through-
out the article, all of the rings which are discussed are commutative.
2. Preliminaries-absolutely flat rings
Absolutely flat rings play a major role throughout this article. The
authors’s contributions in this section are including Corollaries 2.3, 2.5,
2.6 and Proposition 2.7.
Lemma 2.1. Let R be a ring and let I = 〈a1, ..., an〉 be a f.g. ideal of
R. Suppose there is some ci ∈ R such that ai = a
2
i ci for all i. Then I
can be generated by an idempotent element.
Proof. Clearly ei = aici is an idempotent element and I = 〈e1, ..., en〉.
If n = 1 then there is nothing to prove. Suppose n > 1. Then, by the
induction hypothesis, the ideal 〈e1, ..., en−1〉 is generated by an idem-
potent element e′ ∈ R. It follows that I = 〈e〉 where e = e′ + en − e
′en
is an idempotent element. 
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Recall that a ring R is said to be absolutely flat if each R−module
is flat.
Proposition 2.2. Let R be a ring. Then the following conditions are
equivalent.
(i) The ring R is absolutely flat.
(ii) Every ideal of R is idempotent.
(iii) Each element r ∈ R can be written as r = r2s for some s ∈ R.
(iv) Every f.g. ideal of R is a direct summand of R.
Proof. (i)⇒ (ii): Let I be an ideal ofR. The map i⊗1 : I⊗RR/I →
R⊗RR/I induced by the canonical injection i : I → R is injective since
R/I is R−flat. But Im(i⊗ 1) = 0. Therefore I = I2.
(ii)⇒ (iii): There is nothing to prove.
(iii) ⇒ (iv): Let I = 〈a1, ..., an〉 be a f.g. ideal of R. By Lemma 2.1,
there is an idempotent e ∈ R such that I = 〈e〉. Let J = 〈1− e〉. Then
clearly I + J = R and I ∩ J = 0.
(iv)⇒ (i): Let M be a R−module. By [3, Theorem 7.7], it suffices to
show that for every f.g. ideal I of R, the canonical map I ⊗R M →
M which maps each pure tensor a ⊗ m into am is injective. By the
hypothesis, there is an ideal J of R such that R = I+J and I∩J = 0. It
follows that the following sequence 0 // I
i
// R
p
// J // 0 is
exact and split where i is the canonical injection and p is the projection
map. Therefore the following sequence is exact and split
0 // I ⊗RM
i⊗1
// R⊗R M
p⊗1
// J ⊗R M // 0
because the exact and split sequences are left exact and split by an
additive functor. 
Corollary 2.3. Absolutely flat rings are stable under taking quotients
and localizations.
Proof. Let R be an absolutely flat ring, let I be an ideal of R and
let S be a multiplicative subset of R. Each ideal K of R/I is of the
form J/I where J is an ideal of R which contains I. By Proposition
2.2, J = J2. Thus K2 = J2 + I/I = K. Therefore, by Proposition
2.2, R/I is absolutely flat. Suppose r/s ∈ S−1R then, by Proposition
2.2, r = r2r′ for some r′ ∈ R. Thus r/s = (r/s)2(r′s/1). Therefore by
Proposition 2.2, S−1R is absolutely flat. 
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Proposition 2.4. A ring R is absolutely flat if and only if Rm is ab-
solutely flat for all maximal ideals m of R.
Proof. The implication “⇒” is an immediate consequence of Corol-
lary 2.3. For the reverse implication, let M be a R−module and let
0 // N ′
f
// N be an exact sequence of R−modules. DenoteK the
kernel of the morphism f ⊗ 1 : N ′⊗RM → N ⊗RM . Let m be a max-
imal ideal of R. The sequence 0 // N ′m ⊗Rm Mm
// Nm ⊗Rm Mm
is exact since Rm is absolutely flat. It follows that the map (f ⊗ 1)m :
(N ′ ⊗R M)m → (N ⊗R M)m is injective. This means that Km = 0.
Therefore K = 0. 
Corollary 2.5. Let {Ri} be a family of rings. Then the direct product
ring A =
∏
i
Ri is absolutely flat if and only if each Ri is so.
Proof. The projection map pii : A→ Ri is surjective. Therefore, by
Corollary 2.3, Ri is absolutely flat. Conversely, pick a = (ri) ∈ A. For
each i, by Proposition 2.2, ri = r
2
i si for some si ∈ Ri. Thus a = a
2b
where b = (si). Therefore, by Proposition 2.2, A is absolutely flat. 
Corollary 2.6. Let R be an absolutely flat ring. If one of the following
conditions hold then R is a field.
(i) R is local.
(ii) R is an integral domain.
(iii) R is a non-trivial noetherian ring with the trivial idempotents.
Proof. Let (i). Let m be the maximal ideal of R. For each a ∈ m, by
Proposition 2.2, there is some b ∈ R such that a(ab−1) = 0. But ab−1
is invertible in R. Therefore a = 0. If (ii) holds. Then, by Proposition
2.2, every non-zero element of R is invertible. Suppose (iii) holds. Let
I be a non-zero ideal of R. Therefore, by Proposition 2.2 and Lemma
2.1, I = R. This, in particular, implies that every non-zero element of
R is invertible. 
Proposition 2.7. A ring R is absolutely flat if and only if each R−algebra
is R−flat.
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Proof. The implication “⇒” is clear. Conversely, let M be a
R−module. Consider the ring S where the underlying set of this ring
is the cartesian product R × M and its addition and multiplication
are defined as (r,m) + (r′, m′) = (r + r′, m+m′) and (r,m).(r′, m′) =
(rr′, rm′ + r′m), respectively. Clearly S is a commutative ring whose
identity element is (1, 0). Moreover the map ϕ : R → S given by
r  (r, 0) is a ring homomorphism. The R−module structure induced
via ϕ on S is the same as the usual R−module structure on the direct
sum R
⊕
M . By the hypothesis, ϕ is a flat morphism. It follows that
M is a flat R−module. 
3. Preliminaries-pointwise rings
In this section we develop the theory of pointwise rings which we
need to it in the sequel. Here, the only author’s contributions are
Proposition 3.5, part (iii), Lemma 3.7 and the proofs of Lemma 3.2
and Proposition 3.4. The remaining results are well-known and can be
found in the Se´minaire Samuel [5] also see [8] and [9].
If R is an absolutely flat ring then each element a ∈ R, by Proposi-
tion 2.2, can be written as a = a2b for some b ∈ R. This leads us to
the following definition:
Definition 3.1. Let R be a ring and let a ∈ R. If there is an element
b ∈ R such that a = a2b and b = b2a, then b is said to be a pointwise
inverse of a.
Lemma 3.2. Let a, b ∈ R. Then b is a pointwise inverse of a if and
only if a ∈ Ra2. Moreover, if b is a pointwise inverse of a then there
is an idempotent element e ∈ R such that (e + a)(e + b) = 1. Finally,
the pointwise inverse, if it exists, is unique.
Proof. Suppose a ∈ Ra2. We have a = ra2 for some r ∈ R. Let
b = r2a. Then b is a pointwise inverse of a. Clearly e = 1 − ab is
an idempotent element and (e + a)(e + b) = 1. Let c ∈ R be another
pointwise inverse of a. We have b = ab2 = (ac)(ab2) = a2c2b = ac2 = c.

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The pointwise inverse of a ∈ R, if it exists, is usually denoted by
a(−1).
Lemma 3.3. Let ϕ : R → S be a ring map. Suppos a, b ∈ R have
pointwise inverses in R. Then the pointwise inverses of ϕ(a) and ab
exist. Moreover ϕ(a)(−1) = ϕ(a(−1)) and (ab)(−1) = a(−1)b(−1).
Proof. Easy. 
The following result establishes the universal property of the poin-
wise rings.
Proposition 3.4. Let R be a ring and let S be a subset of R. Then
there exist a ring S(−1)R and a canonical ring map η : R→ S(−1)R such
that for each s ∈ S, the pointwise inverse of η(s) in S(−1)R exists and
the pair (S(−1)R, η) satisfies in the following universal property: if there
is a ring map ϕ : R→ R′ such that for each s ∈ S the pointwise inverse
of ϕ(s) in R′ exists then there is a unique ring map ψ : S(−1)R → R′
such that ϕ = ψ ◦ η.
Proof. Consider the polynomial ring A = R[xs : s ∈ S] and
let S(−1)R = A/I where the ideal I is generated by elements of the
form sx2s − xs and s
2xs − s with s ∈ S. Let η : R → S
(−1)R
be the canonical ring map. For each s ∈ S, the element xs + I is
the pointwise inverse of η(s) = s + I. Let ϕ : R → R′ be a ring
map such that for each s ∈ S, the pointwise inverse of ϕ(s) exists
in R′. By the universal property of the polynomial rings, there is
a (unique) homomorphism of R−algebras ϕ˜ : R[xs : s ∈ S] → R
′
such that xs  ϕ(s)
(−1) for all s ∈ S. We have ϕ˜(I) = 0. De-
note by ψ : S(−1)R → R′ the ring map induced by ϕ˜. Clearly ψ is
the unique ring homomorphism such that ϕ = ψ ◦ η. Because sup-
pose there is another such ring map ψ′ : S(−1)R → R′. Then we have
ψ(xs+I) = ϕ˜(xs) = ϕ(s)
(−1) = ψ′
(
η(s)
)(−1)
= ψ′
(
η(s)(−1)
)
= ψ′(xs+I)
for all s ∈ S. Therefore ψ = ψ′. 
We call S(−1)R the pointwise localization of R with respect to S.
Proposition 3.5. Let R be a ring and let S be a subset of R. Then
the following are true.
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(i) The canonical ring map η : R→ S(−1)R is an epimorphism.
(ii) The map η∗ : Spec
(
S(−1)R
)
→ Spec(R) is bijective.
(iii) For each s ∈ S, (η∗)−1
(
V (s)
)
is a clopen subset of Spec
(
S(−1)R
)
with respect to the flat (resp. Zariski) topology.
(iv) The ring S(−1)R is nontrivial if and only if R is so.
(v) Ker(η) ⊆ N where N is the nil-radical of R.
Proof. (i) : This implies from the universal property of Proposition
3.4.
(ii) : The map η∗ is injective since η is an epimorphism, see [6, Theo-
rem 3.3]. Let p be a prime ideal of R and consider the canonical ring
map pi : R → κ(p). The image of every element of R under pi has a
pointwise inverse in κ(p). Thus, by Proposition 3.4, there is a (unique)
ring map ψ : S(−1)R → κ(p) such that pi = ψ ◦ η. Then p = η∗(q)
where q = ψ−1(0).
(iii) : We have (η∗)−1
(
V (s)
)
= V
(
η(s)
)
. Moreover V
(
η(s)
)
= D
(
1 −
η(s)η(s)(−1)
)
. Therefore, by [7, Corollary 3.12], (η∗)−1
(
V (s)
)
is both
open and closed.
(iv) and (v): These are immediate consequences of (ii). 
Lemma 3.6. Let ϕ : R→ S be an epimorphism of rings where S is a
nontrivial ring with the trivial idempotents. Suppose ϕ(r) has a point-
wise inverse in S for all r ∈ R. Then A = Im(ϕ) is an integral domain
and S is its field of fractions.
Proof. Suppose ϕ(r)ϕ(r′) = 0 for some elements r, r′ ∈ R. If
ϕ(r) 6= 0 then ϕ(r)ϕ(r)(−1) = 1 since ϕ(r)ϕ(r)(−1) is an idempotent
element. Therefore A is an integral domain. Let K be the field of frac-
tions of A. Since every non-zero element of A is invertible in S therefore
by the universal property of the localization, there is a (unique) ring
map ψ : K → S such that i = ψ ◦ j where i : A → S and j : A → K
are the canonical injections. The map ϕ factors as ϕ = i ◦ ϕ′ where
ϕ′ : R → A is the ring map induced by ϕ. Since ϕ is an epimorphism
thus i and so ψ are epimorphisms. By [6, Corollary 2.3], ψ is an iso-
morphism. 
Lemma 3.7. Let R be a ring. Then Spec
(
R(−1)R
)
equipped with the
Zariski (resp. flat) topology is separated.
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Proof. Let q and q′ be distinct prime ideals of R(−1)R. The ideals
p = η∗(q) and p′ = η∗(q′) are distinct since by Proposition 3.5, η∗ is in-
jective. Choose a ∈ p\p′. It follows that q ∈ V
(
η(a)
)
and q′ ∈ D
(
η(a)
)
.
By Proposition 3.5, V
(
η(a)
)
is a clopen. 
Theorem 3.8. Let R be a ring and let η : R→ R(−1)R be the canoni-
cal ring map. Then the following are true.
(i) For each prime ideal q of R(−1)R, then F =
(
R(−1)R
)
q
is canoni-
cally isomorphic to κ(p) where p = η∗(q).
(ii) The ring R(−1)R is absolutely flat.
Proof. (i) : For each prime ideal q of R(−1)R, the composed map
R
η
// R(−1)R // F
satisfies all of the hypotheses of Lemma 3.6. Therefore F is a field.
Now consider the following commutative diagram
Rp
ηq=epic
//

F
≃

κ(p) // κ(q)
where p = η∗(q). By [6, Corollary 2.3], the map κ(p) → κ(q) is an
isomorphism and we win.
(ii) : It is an immediate consequence of (i) and Proposition 2.4. 
By Proposition 3.4 and Theorem 3.8, the assignment R  R(−1)R
is a covariant functor form the category of commutative rings into the
category of absolutely flat rings.
4. Main results
Lemma 4.1. Let ϕ : R→ S be a ring map, letM and N be S−modules
and consider the canonical map η :M⊗RN →M⊗SN which maps each
pure tensor m⊗R n into m⊗S n. Then Ker(η) = 〈sm⊗R n−m⊗R sn :
s ∈ S \ Im(ϕ), m ∈M,n ∈ N〉.
Proof. Let K be the R−submodule of M ⊗R N generated by ele-
ments of the form sm ⊗R n − m ⊗R sn with s ∈ S \ Im(ϕ), m ∈ M
and n ∈ N . Clearly K ⊆ Ker(η). Consider the map η : P =
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M ⊗R N/K → M ⊗S N induced by η. We have Ker(η) = Ker(η)/K.
The scalar multiplication S × P → P which is defined on pure tensors
by s.(m ⊗R n +K) = sm ⊗R n +K is actually well-defined and puts
a S−module structure over P . By the universal property of the ten-
sor products, the S−bilinesr map M × N → P defined by (m,n)  
m⊗Rn+K induces a (unique) S−homomorphismM⊗SN → P which
maps each pure tensor m⊗S n into m⊗R n +K. This implies that η
is bijective. Therefore Ker(η) = K. 
Lemma 4.2. Let ϕ : R→ S be a flat ring map which has a factoriza-
tion R
ψ
// A
ϕ′
// S such that ϕ′ is an injective ring map and ψ is
an epimorphism. Then ϕ′ is a flat morphism.
Proof. For each A−module M , the canonical map ηM :M ⊗R S →
M ⊗A S which maps each pure tensor m⊗R s into m⊗A s is injective
because in A⊗RA−moduleM⊗RS we have am⊗Rs = (a⊗R1A).(m⊗R
s) = (1A ⊗R a).(m⊗R s) = m⊗R a.s then apply Lemma 4.1. In fact it
is bijective. Now suppose 0 // N
f
// M is an exact sequence of
A−modules. The following diagram is commutative
N ⊗R S
f⊗R1
//
ηN

M ⊗R S
ηM

N ⊗A S
f⊗A1
// M ⊗A S
and the map f ⊗R 1 is injective since S is flat over R. Therefore f ⊗A 1
is injective as well. 
Lemma 4.3. Let ϕ : R→ S be a flat epimorphism of rings. Then for
each prime p of R we have either pS = S or that the canonical map
Rp → T
−1S given by r/s ϕ(r)/ϕ(s) is bijective where T = ϕ(R \ p).
Proof. Suppose pS 6= S for some prime p. The canonical map
Rp → T
−1S is a flat epimorphism because flat morphisms and epics
are stable under base change and composition (recall that the ring
T−1S is canonically isomorphic to Sp). It is also faithfully flat since
pS 6= S. Therefore, by [6, Corollary 2.2], it is bijective. 
It is worthy to mention that the converse of Lemma 4.3 also holds.
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For a given ring R, the quotient ring R/N is denoted by Rred where
N is the nil-radical of R. For any ring map ϕ : R → S the induced
map Rred → Sred is denoted by ϕred.
Theorem 4.4. Let ϕ : R → S be a flat epimorphism of rings. If ϕred
is surjective then so is ϕ.
Proof. The map ϕ factors as R
pi
// R/Ker(ϕ)
ϕ′
// S where pi
is the canonical ring map and ϕ′ is induced by ϕ. We have Im(ϕ) =
Im(ϕ′), ϕ′ is an epimorphism and ϕ′red is surjective. Moreover, by
Lemma 4.2, ϕ′ is flat. Therefore, without loss of generality, we may
assume that ϕ is injective. It follows that ϕred is an isomorphism and so
ϕ∗ : Spec(S) → Spec(R) is bijective. Therefore pS 6= S for all primes
p of R and so by Lemma 4.3, the canonical map Rp → Sp is bijective.
It follows that S/ϕ(R)⊗R Rp = 0 for all primes p. 
Theorem 4.5. Let ϕ : R → S be an epimorphism of rings such that
R is absolutely flat. Then ϕ is surjective.
Proof. The map ϕ factors as R
pi
// R/Ker(ϕ)
ϕ′
// S where pi
is the canonical ring map and ϕ′ is the injective ring map induced by
ϕ. The quotient ring R/Ker(ϕ) is absolutely flat. Moreover, Im(ϕ) =
Im(ϕ′) and yet ϕ′ is an epimorphism. Hence, without loss of generality,
we may assume that ϕ is injective. In this case, ϕ is a faithfully flat
morphism. Because, suppose S ⊗R M = 0 for some R−module M .
From the following short exact sequence of R−modules
0 // R
ϕ
// S
pi
// S/R // 0
we obtain the following long exact sequence of R−modules ... //
TorR1 (S/R,M) // R ⊗RM
ϕ⊗1M
// S ⊗RM
pi⊗1M
// S/R ⊗RM // 0 .
But TorR1 (S/R,M) = 0 since S/R is R−flat, see [4, Theorem 7.2].
Thus M ≃ R ⊗R M = 0. Therefore ϕ is a faithfully flat epimorphism
and so by [6, Corrollary 2.2], it is bijective. This means that, in our
factorization ϕ = ϕ′ ◦ pi, ϕ′ is an isomorphism therefore the original ϕ
is surjective. 
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Lemma 4.6. A ring R is absolutely flat if and only if the canonical
map η : R→ R(−1)R is bijective.
Proof. Suppose R is absolutely flat. Then, by Theorem 4.5, η is
surjective. Pick a ∈ Ker(η). By Proposition 2.2, there exists some
b ∈ R such that a = ba2. It follows that a = bn−1an for all n ≥ 1. But
a is a nilpotent element, see Proposition 3.5. Therefore a = 0. The
converse implies from Theorem 3.8. 
Theorem 4.7. Let R be a ring. Then the following conditions are
equivalent.
(i) The ring Rred = R/N is absolutely flat where N is the nil-radical of
R.
(ii) Every flat epimorphism ϕ : R→ S is surjective.
(iii) For each prime ideal p of R, the canonical map R→ Rp is surjec-
tive.
(iv) Every prime ideal of R is maximal.
(v) The patch and Zariski topologies over Spec(R) are the same.
(vi) The set Spec(R) equipped with the Zariski topology is separated.
(vii) Every prime ideal of R is minimal.
(viii) The set Spec(R) equipped with the flat topology is separated.
(ix) The patch and flat topologies over Spec(R) are the same.
Proof. (i) ⇒ (ii) : By Theorem 4.4, it suffices to show that ϕred :
Rred → Sred is surjective. The following diagram is commutative
R
ϕ
//

S

Rred
ϕred
// Sred.
It follows that ϕred is an epimorphism. Therefore, by Theorem 4.5, ϕred
is surjective and we win.
(ii) ⇒ (iii) : For each prime ideal p of R, the canonical map R → Rp
is a flat epimorphism.
(iii)⇒ (iv) : The canonical map R/p→ κ(p) is surjective.
(iv) ⇒ (i) : Let m′ = m/N be a maximal ideal of Rred where m is
a maximal ideal of R. The ring (Rred)m′ is canonically isomorphic to
Rm/NRm. Moreover, NRm = N
′ where N′ denotes the nil-radical of
Rm. But N
′ = mRm since every prime ideal of R is maximal. Thus, by
Proposition 2.4, Rred is absolutely flat.
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(v)⇒ (vi) : It is obvious.
(vi)⇒ (v) : Consider the identity map i :
(
Spec(R),Jp
)
→
(
Spec(R),Jz
)
where Jp and Jz denote the patch and Zariski topologies, respec-
tively. By the hypothesis and [7, Theorem 2.4], i is a homeomorphism,
so Jp = Jz .
(vi)⇒ (iv) : In every separated space the points are closed.
(i)⇒ (vi) and (viii) : The map pi∗ : Spec(Rred)→ Spec(R) induced by
the canonical map pi : R→ Rred is a homeomorphism. By Lemma 4.6,
Spec(Rred) is homeomorphic to Spec(A) where A := R
(−1)
red Rred. The
latter space, by Lemma 3.7, is separated.
The implications (ix)⇒ (viii) and (vii)⇔ (iv) are clear.
(viii)⇒ (vii) : See [7, Corollary 3.6].
(viii)⇒ (ix) : Using the similar argument as applied in the implication
(vi)⇒ (v). 
Corollary 4.8. The flat and Zariski topologies on Spec(R) are the
same if and only if every prime ideal of R is maximal.
Proof. It is an immediate consequence of Theorem 4.7. 
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